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Behavior of Laminated Composites Under Monotonically
Increasing Random Load
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A model using stochastic function theory is proposed to predict the behavior of laminated composites under
random loads. Random in-plane loading is defined as a Gaussian process. A numerical procedure for predicting
damage evolution and its effect on deformation history of laminated composites is developed. The probabilities
of failure of a mesovolume at ply level are used in reducing ply stiffness. The probability of mesovolume failure
is calculated based on the theory of excursions of random process beyond the limits. Three modes of failure, i.e.,
fiber breakage, matrix failure in transverse direction, as well as matrix or interface shear cracking, are taken into
account. The results of a numerical study of the effects of loading speed and dispersion on damage evolution
and final failure of a Kevlar/ epoxy [0/ = 30/90]; laminated composite aré presented as-an illustration. Cases of
tension, shear, and complex in-plane loading of the laminate are analyzed for a vast range of loading speeds. The
results indicate that the laminate strength and failure strain are higher at higher loading speeds. The analytical
results are qualitatively compared with the available experimental observations.

Introduction

EFORMATION and failure processes in composite

structural elements are of a stochastic nature. That fact
is due to a number of factors, i.e., inevitable scatters in
stiffness and strength properties of components, initial geo-
metric and structural imperfections (particularly, inhomo-
geneity of arrangement of reinforcing fibers), and stochastic
loading. Those factors combined causes scatter in the static
and dynamic strength of finite size specimens. On the other
hand, for large specimens, where all the possible combinations
of randoin factors are present, they should result in a gradual
accumulation of damage and a definite failure strength.

Numerous scientists studied the composite strength problem
with the help of statistical modeling (see Refs. 1-3 and refer-
ences therein). Ovchinskii! proposed and worked out the fun:
damental principles, models, and algorithms for the stochastic
simulation of the fracture processes-in reinforced composites.
However, the simulation procedures with micro-level consid-
eration require extensive computational resources for laminate
analysis.

The statistical method for reliability analysis of laminates
was developed in Refs. 4-6. In these papers, the theory of
random scalar and vector field excursions was applied for
computing the probability of excursions of a random stress-
strain field beyond the limiting surface. The method was ap-
plied in Refs. 7-9 for ply-by-ply stochastic failure analysis and
reliability calculation of laminated composite plates and
shells. In these papers the whole composite layer was consid-
ered as a basic element, and a maximum probability criterion
was used for the determination of a damage sequence.

Another approach for a damage accumulation analysis in
laminates subjected to deterministic loading was developed by
the authors.!® The model is based on a division of each layer
into a statistically large number of mesovolumes. The concen-
tration of broken mesovolumes in plies is calculated as a
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‘probability of ply random strains to exceed the limiting failure

strains. These concentrations are used in ply stiffness reduc-
tion. The model predicts the gradual damage accumulation
and deformation history of composite laminates.

In this paper, the combination of approaches in Ref. 10 and
Refs. 7-9 is used to describe the behavior of laminated com-
posites under monotonically increasing random loads.

Problem Formulation

Let us consider a symmetric laminate consisting of unidirec-
tionally reinforced laminas with initial random elastic material
properties ¥, £ 51’2‘0, - The tilde sign denotes the random
characteristics, and index k denotes the ply number.: We
assumie the normal distribution of laminas characteristics,
therefore we describe them by means of mathematical expecta-
tions £,5, £xX, G5 vz and dispersions Dg,g Disy Do rzgr Doy,
Laminate layup is described by ply orientation angle . The
load applied to such a system produces a random stress-strain
field in the laminas. At some point in loading, a nonzero
probability of ply failure emerges, and damages start to accu-
mulate. Accumulation of damages causes the reduction in
plies stiffness properties and stress redistribution between
plies. ' :

Assume that the applied stresses §;(¢) = [611(¢), 522(2), T12()]
are independerit differentiable normal (or Gaussian) processes
of time. That assumption means that they can be described by
mathematical expectations 6;(¢) and correlation functions
K,,(t1,12). Assume that the correlation functions depend only
on time difference K,,(t1,t:) = K, (& = 1) = K,,(3). The mathe-
matical expectations and correlation functions of derivatives
of stresses are related to the same quantities for stresses as
follows: :

& (8) = 5; ()
2
K, (®= - 4

a5 Ko @

)

Application of these stresses to a laminate produces a ran-
dom deformation and stresses in plies ¢ *(¢) and o, *(2),
respectively. Let us consider the maximum strain failure crite-
rion for ply damage analysis. We have to assess the probability
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of random strains € *(¢) in each ply to exceed the limiting
strains €”; %, ¢’;7¥, where the positive ¢’,”% (in tension) and
negative € * (in compressmn) limits are also random in

general. This probability can be calculated as

. t . V
rky=1- expl: - S v () d'r] (@)
0 )

where »(¢) is a mathematlcal expectation of the number of
excursions of ¢ ¥(¢) beyond the interval [e” ¥, ¢’ ~ ] per unit
time. Assummg statistical 1ndependence of crossmg the nega-
tive and positive limits, »¥(¢) can be calculated as a sum of
mathématical expectatlons of these events

() = v () + 95, () €)]
The mathematical expectation of the number of excursions

beyond the negative and positive limits can be calculated as’?

nty=L [Du léf(t)—@”ilz}

2rA|D, + D, o { T 2D, + D.)

&Y 27 &)
x{?xp[*zDéi}*x/D ‘(”q’[ x/DTB

z oy )
”i+(t)=i —DéL—exp {_M}

2w /D, + D, 2(D., + D)
ay), P, E10)
X <e"p [‘ 2D;,] * Def"(”{l B ‘I’[ WE]D
where

Q(U) | ju e — (u2/2) du =l l:l + erf (E)]

is the Laplace function; the ply index k is avoided for sim-
plicity. To use formulas (4) we need _to have the following
information about the ply strains: &;(¢), &(f), Def, Dk

Note that the simple relation [Eq. (2)] between the proba—
bility of an event and mathematical expectation of the number
of events assumes the Poisson-type process of events forma-
tion with time. This assumption can be valid for rare indepen-
dent events. In our case, the use of the formula is justified if
the average time spacing between the occurrence of events is
larger than the autocorrelation time for the loading process
(see Ref. 11).

Assuming that the processes of changing the composite
compliances are slow and their derivatives may be neglected,
the mathematical expectations and dispersions of laminate
deformations and deformation derivatives can be calculated
using the properties of random function operators

&) = |3 8y () & @) dr
&) =8; (1) 6; (1)
=8} () K, (0) + 5% () Ds,
=8} (t) K&, (0) + Ds, [5; (t)]

®

" Current laminate compliances may be calculated using the
information about the current laminas properties and lamina-
tion theory. The full set of formulas derived for an ortho-
tropic laminate and stiffness reduction algorithm is given in
Ref. 10. Shear-extension coupling coefficients are obtained by
using the calculation procedure outlined for the other coeffi-
cients in Ref. 10.

Algorithmic Development

A computer code is developed for calculating laminate re-
Sponse using the previously described approach: Incremental

loading is set in the program according to the given stress
derivatives &;(¢), and the deformation integral (5) is evaluated
numerically. On each time step the damage functions r¥(z)
accumulated up to the previous step are used to calculate the
current elastic properties of the material and laminate defor-
mations. The complete failure of the laminate is assumed to
occur when any of the current effective elastic moduli E;(z),
E, (1), or G5(t) becomes equal to zero. The calculated infor-
mation for each time step is appended to the data file, includ-
ing the information on laminate stresses, strains, and laminas
strains; the damage content ri" (¢) in plies; the average content
of damages of a different type in the laminate r;(#) = [E}_,
rk()1/n; the cumulative damage content r.(¢) = [E}_, r;(£))/
3; and the current laminate elastic moduli E,(z), Ex(t), Gi,(f).
The program is written in ‘‘Mathematica’’ language.

Results and Analysis

The developed computer code is used for the numerical
study of the effects of loading speed and dispersion on damage
evolution in Kevlar/epoxy [0/ = 30/90]; laminate. Experimen-
tal statistical data for Kevlar/epoxy unidirectional composite
presented in Ref. 12 are used for the mesovolume material
properties definition (see discussion on mesovolume proper-
ties in Ref. 10).

Effect of Loading Rate

The following cases of stochastic loading of [0/ = 30/90]s
laminate are analyzed: tension §;(¢) = [6(¢), 0, 0], compression
6;(t) = [ — a(¢), 0, 01, shear &;(¢) = [0, O, 5(¢)], biaxial tension
G;(t)=1[6(¢), o(t), 0], and complex in-plane loading
G;(t) = [6(2), 6(¢), 6(¢)]. In all cases the mathematical expecta-
tion of loading function (¢) is the linear function of time, and
the correlation function of the process is
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Fig. 1a  Applied stress. Arrow points toward curves with higher load-
ing rates.
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Fig. 1b Stress-strain behavior of the laminate under tensnon Arrow
points toward curves with higher ]oadmg rates.
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where 0,2] = D, = K(0) is the dispersion of the process and 7g is
the autocorrelation time of random fluctuations of loading.
The derivative 5(¢) consequently has a constant mathematical
expectation and dispersion D; KU(O) 202/ 73. The standard
deviation of loadlng process o, is chosen equal to 0.01 GPa.
Correlation time is 0.01 min. Several orders of loading rate are
covered in the numerical study.

Figure 1 shows stress-strain behavior of a [0/ % 30/90],
laminate under the uniaxial tension for five different loading
rates (0=0.1, 0.3, 1, 3, and 10 GPa/min). Variation of the
average damage functions r; and cumulative damage function
r. with loading for these cases is shown in Fig. 2. In these and
several of the following figures, continuous lines, dashed
lines, and dash-dot lines correspond to subscripts 11, 22, and
12 of the plotted variables, respectively. The analysis shows
that laminate failure strength in tension increases considerably

. with the increase of loading rate from 0.1 to 10 GPa/min (Fig.
1). Failure strain also increases and deformation behavior
becomes more nonlinear with the increase of the loading rate.

The analysis of ply-by-ply damage parameters shows that a
small amount of shear cracks appears in =+ 30 deg plies first
for all loading rates. Shear cracks continue to accumulate
slowly in these plies up to the final failure. At the load level of
about 100 MPa, rapid transverse cracking of the matrix ap-
pears in the 90 deg ply. Then, before the final failure, fiber
breakage in the 0 deg ply due to tension and in the 90 deg due
to compression, as well as matrix cracking in 2 30 deg plies
appear almost simultaneously. With the increase of the load-
ing rate, the onset of damage accumulation is shifted to the
higher loading and damage develops over a relatively longer
stress range as seen in Fig. 2. It is interesting that at low
speeds, there is almost no fiber failure in =+ 30 deg plies up to
the final failure. But with increasing speed, the fiber failure
starts to develop and for & = 10 GPa/min there are about 87%
of mesoelements broken in the fiber mode in these plies at
failure. At the same time, the percentage of transverse matrix
damage at failure in =+ 30 deg plies lowers from almost 100%

-at 0.1 GPa/min to about 65% at 10 GPa/min. Thus, increas-
ing loading speed may result not only in a shift and stretching
of the loading interval of the damage accumulation, but can
also cause qualitative changes in the damage sequence.

Figures 3 and 4 show calculated stress-strain diagrams and
cumulative damage functions for shear and complex in-plane
loading, respectively. The general trend of the increase of
failure stress with increasing loading speed is revealed. How-
ever, unlike uniaxial tension, for the loading cases shown the
failure stresses for loading speeds 3 and 10 GPa/min almost
coincide. The shift in damage accumulation onset and the
stretching of stress interval of damage accumulation with in-
crease in loading rates are also deduced from all of the infor-
mation available about damage evolution. The cumulative
damage content at failure varies slightly with loading speed
and is a little higher for complex multiaxial loading.

The variation of failure stress with loading rate for all of the
loading cases is plotted in Fig. 5. Gradual increase of failure
stress with increase of loading speed is observed up to the
speed about 3-10 GPa/min. For higher speeds the failure
stress practically does not depend on loading speed. For these
speeds, the mathematical expectation of the number of excur-
sions [Eq. (4)] becomes directly proportional to the mean
process speed, and it compensates the shortage of time. Note
that at higher speeds the condition of the noncorrelated pro-
cess and its derivative used in the derivation of [Eq. (4)] may
be violated and the present analysis may not be valid.

Effect of Stochastic Deviation in Loading

The effect of randomness in loading on the laminate behav-
ior was investigated on [0/ + 30/90], laminate under tension.
The loading rate dependence of failure stress and strain for the
laminate under tension with a different stochastic deviation is
shown in Fig. 6. Analysis shows that the behavior of failure
parameters with respect to the loading rate is strongly affected
by the loading deviation. For small loading deviations, the

rate dependency of failure stress is observed only for low
loading rates. Failure parameters show a stronger dependence
on the loading rate for loading with high derivation.
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Fig. 4b Cumulative damage accumulation under complex in-plane
loading.

For low loading speeds, the increase in stochastic deviation
of loading results in lowering failure stress. With the increase
of the loading rate, however, the failure stresses for various
loading deviations become closer. At higher speeds, the load-
ing with higher deviation causes higher failure stress. The
physical interpretation of this observed effect can be the fol-
lowing. At low speeds, increase of stress deviation widens the
resulting bands of deformation processes in plies, and that
causes the increase of a possibility of process excursion and
damage formation, consequently lowering the failure stress.
At high speeds, however, when the loading time is comparable
to the correlation time of random fluctuations of stress, there
is a nonzero probability that the process will be below its
mathematical expectation during the whole loading time. And
so to reach the unity probability of excursion, the whole
process band should exceed the limit. Larger dispersion results
in higher mean value of the process at this point. Note that the
curves in Fig. 6 show failure parameters for loading processes
having the same deviations at different speeds. In reality, it
seems natural for a higher-speed process to have a higher
deviation.

Damage Induced Anisotropy

The damage processes in =+ « plies of the initially balanced
laminate may lead to this laminate becoming unbalanced. For
an unbalanced laminate, the 4,4, A2 components of the stiff-
ness matrix are not zero. Therefore it should be taken into
account when calculating the compliances, moduli, and lami-
nate deformations. Different damages appear in =+ « plies if
the laminate is loaded with shear loading. The effect of shear
coupling on the laminate deformation is seen in Figs. 2 and 3.
To assess the magnitude of the effect, the variation in Ag, A

1200
1
1000
g 800
=S 4
§ 600
2]
5 400 2
& 5
3

Log loading rate (MPa/min.)

Fig. 5 Variation of failure stress with loading rate: 1—tension, 2—
compression, 3—shear, 4—biaxial loading, and 5—complex in-plane
loading.
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Fig. 6 Variation of failure stress of the laminate under tension with
loading rate. Numbers indicate deviation of loading in MPa.



DZENIS, JOSHI, AND BOGDANOVICH:

Ajg Agg (GPa)

a) Average Stress (MPa)

Ay Agg (GPa)
(P8

200

b) Average Stycss (MPa)

Fig. 7 Variation of shear-extension coupling coefficients for a) shear
loading and b) complex in-plane loading. Solid and dashed lines
represent 416 and Az¢, respectively.
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loading calculated without accounting for damage-induced an-
isotropy.
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Table 1 Material properties for the Kevlar/epoxy laminal?

Relative
Average Standard standard
Characteristic value deviation deviation, %
E; (GPa) 74.9 2.22 2.97
E; (GPa) 4.65 0.16 3.44
G2 (GPa) 1.877 0.033 1.76
V12 0.35 0.031 8.86
€11 0.0171 0.002 11.7
ST —0.00478 0.00024 5.2
e’ 0.00283 0.00016 5.6
€' —-0.0141 0.0011 7.8
Y2, Y712 +0.0256 0.0079 30.8

Table 2 Material properties for SP 250/S-2 glass/epoxy and
available properties for Scotchply Type 1002 glass/epoxy
shown in parentheses

. Relative

Average Standard standard
Characteristic value deviation deviation, %
E; (GPa) 49.4 (39.3) 0.48 0.98
E; (GPa) 16.3 (9.7) 0.34 2.11
G2 (GPa) 6.35 0.33 5.21
v12 0.28 0.01 ‘ 3.57
e'11 0.0318 (0.0246) 0.0018 5.66
€11 —0.0222 (—0.0224) 0.0006 2.7
[37) 0.003 (0.0021) 0.0009 30.0
"2 —0.0286 (—0.02) 0.0068 23.8
Yz, " 12 +0.0219 0.00149 6.8

is plotted as a function of loading in Fig. 7 for all of the
loading rates.

Coefficients A4, A»s may become fairly big due to damage
accumulation. Thus, the maximal value of A4 is about 6 GPa,
which is comparable to the laminate initial elastic moduli
E, =39.7 GPa, E, = 23.2 GPa, and G; = 8.4 GPa. In both
loading cases, small negative values of these coefficients at a
low loading level are due to the matrix transverse damage in
the — 30 deg ply. The following sharp increase Ag, Ay is due
to fiber breakage in the same ply. The final reduction of
coefficients is caused by fiber breakage in the + 30 deg ply.
The stress-strain diagrams for these loading cases, calculated
without taking into account shear coupling, are shown in Fig.
8. The comparison of this figure with Figs. 2 and 3 shows that
a calculation without accounting for the shear coupling may
lead to overestimation of laminate failure stress up to 20%.
The qualitative changes in stress-strain diagrams and in dam-
age accumulation functions are also observed.

Experimental Observations

Staab and Gilat!® recently investigated the effect of the
strain rate on the behavior of Scotchply Type 1002 glass/
epoxy in an angle-ply configuration. Tests have been con-
ducted at strain rates of approximately 10-5 1/s and 10° 1/s.
The stochastic material property data are not available for the
material used in the experimental investigation. Some of the
material properties of SP250/S-2 are close to a Scotchply Type
1002 glass/epoxy composite. Use of these material properties
in the analysis allows a qualitative comparison of predictions
with experimental observations. The material property infor-
mation for SP250/S-2 glass/epoxy composite necessary for
the analysis is given in Table 2. The analysis is performed by
assuming the following values for the loading parameters:
7=1s, D,=0.5 MPa, ¢=10* GPa/s (fast loading) and
d=10"* GPa/s (slow loading). Figures 9-11 compare the
experimentally observed stress-strain behavior with the analyt-
ically predicted behavior for 30, %45, and =+ 60 angle-ply
laminates, respectively. Analytical predictions show the same
trend as the experimental observations. The quantitative dif-
ference may be due to the difference in stiffness and strength
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properties of Scotchply Type 1002 and SP250/S-2 glass/epoxy
materials. Table 2 shows the available material properties of
Scotchply Type 1002 glass/epoxy in brackets for comparison.
The average failure strains for Scotchply Type 1002 glass/
epoxy in Table 2 are calculated from the available failure
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Fig. 9 Comparison of the analytical and experimental stress-strain
relation for +30 angle-ply laminate (analysis—SP250/S-2 glass/
epoxy, experiment—Scotchply 1002 glass/epoxy).
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Fig. 10 Comparison of the analytical and experimental stress-strain

relation for 45 angle-ply laminate (analysis—SP250/S-2 glass/
epoxy, experiment—Scotchply 1002 glass/epoxy).
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Fig. 11 Comparison of the analytical and experimental stress-strain
relation for =60 angle-ply laminate (analysis—SP250/S-2 glass/
epoxy, experiment—Scotchply 1002 glass/epoxy).
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stresses, assuming a linear behavior up to failure in material
directions.

Conclusions

Damage evolution in a laminated composite under qua-
sistatic random loading is discussed in this paper. The analysis
shows that laminate failure strength increases with the increase
of the loading rate, in general. Failure strain also increases,
and deformation behavior shows increasing nonlinearity with
loading rate. The shift in damage accumulation onset and the
stretching of the stress interval of damage accumulation with
the increase in loading rates are also observed. An increase in
loading rate can cause qualitative changes in the damage se-
quence. The cumulative damage content at failure varies
slightly with the loading rate. Analysis shows that the behavior
of failure stress and strain with respect to the loading rate is
strongly affected by loading deviation. It is seen that shear-ex-
tension coupling coefficients may become fairly big due to
damage accumulation and affect the stress-strain behavior and
failure stress of the laminate. The analytical results are quali-
tatively similar to the available experimental observations.
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